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Abstract
The three new deformed Poincare Hopf algebras are constructed with use of
twist procedure. The corresponding relativistic space-times providing the sum of
canonical and Lie-algebraic type of noncommutativity are proposed. Finally, the
nonrelativistic contraction limits to the corresponding Galilei Hopf algebras are
performed.
1
1 Introduction
Due to several theoretical arguments (see e.g. [1]-[4]) the interest in studying of space-time
noncommutativity is growing rapidly. In accordance with the Hopf-algebraic classification
of all deformations of relativistic and nonrelativistic symmetries (see [5], [6]) the most
general form of space-time noncommutativity looks as follows
[ xµ, xν ] = θµν(x) , (1)
where
θµν(x) = θ
(0)
µν + θ
(1) ρ
µν xρ + θ
(2) ρτ
µν xρxτ . (2)
For the simplest, canonical noncommutativity (θµν(x) = θ
(0)
µν ), the corresponding
Poincare Hopf algebra has been provided in [7] and [8] with the use of twist procedure
[9]-[11], while its nonrelativistic counterparts have been discovered by various contraction
schemes in [12].
The Lie-algebraic (θµν(x) = θ
(1) ρ
µν xρ) relativistic and nonrelativistic symmetries have
been proposed in [13] and [14] respectively. In the literature they are known as κ-
Poincare and κ-Galilei Hopf algebra, which in relativistic case correspond to the following
κ-Minkowski space-times
[ x0, xi ] =
i
κ
xi , [ xi, xj ] = 0 , (3)
with mass-like deformation parameter κ.
Besides, there were proposed the twist deformations of a Lie-type at relativistic and
nonrelativistic level in [15], [16] and [12].
The quadratic deformation (θµν(x) = θ
(2) ρτ
µν xρxτ ) has been studied in [17] and [15].
Unfortunately, in almost all theoretical considerations the mentioned above quantum
space-times are considered separately. Recently, however, there was proposed in [18] (see
also [19]) the relativistic Hopf structure corresponding to the so-called generalized space-
time, with coefficients θ
(0)
µν and θ
(1) ρ
µν different than zero simultaneously. Particulary, it
has been shown that by canonical twist deformation of κ-Poincare Hopf algebra, we get
(θµν , κ)-deformed symmetries associated with the following quantum space
[ x0, xi ] =
i
κ
xi + iθ0i , [ xi, xj ] = iθij . (4)
In this article we propose three new Poincare Hopf universal enveloping algebras
Uθkl,κ(P), Uθ0i,κˆ(P) and Uθ0i,κ¯(P) corresponding to the following generalized space-times
(a, b = 1, 2, 3)1
[ x0, xa ] =
i
κ
xiδak , [ xa, xb ] = 2iθkl(δakδbl − δalδbk) +
i
κ
x0(δiaδkb − δkaδib) , (5)
1The mentioned space-times are defined as the Hopf modules of Uθkl,κ(P), Uθ0i,κˆ(P) and Uθ0i,κ¯(P)
Hopf algebras respectively (see e.g. [20], [21], [8]).
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[ x0, xa ] =
i
κˆ
(δlaxk − δkaxl) + 2iθ0iδia , [ xa, xb ] = 0 , (6)
and
[ x0, xa ] = 2iθ0iδia , [ xa, xb ] =
i
κ¯
δib(δkaxl − δlaxk) +
i
κ¯
δia(δlbxk − δkbxl) , (7)
respectively. All three examples (5)-(7) are obtained by the twisting of classical algebra
with use of the factors defined as suitable superposition of twist factors for canonical and
Lie-algebraic deformation of relativistic symmetry. In other words, used in this article
algorithm follows the procedure [9]-[11] used in [18], [19], but this time, besides twisting
the κ-Poincare algebra, we supplement with second twist factor the twisted Poincare Hopf
algebras [8], [15]. Further, in the second step of our investigation, we also perform three
nonrelativistic contractions ([22], [23]; see also [12]) of our generalized Poincare Hopf
structures. In such a way we get the corresponding Galilei Hopf universal enveloping
algebras Uξkl,λ(G), Uξ0i,λˆ(G) and Uξ0i,λ¯(G) respectively.
It should be noted that there are several motivations for present studies. First of all,
such investigations are interesting because they provide six new explicit Hopf algebras.
Besides, it should be noted, that the presented algebras permit to construct the corre-
sponding phase-spaces (see e.g. [24], [25]) in the framework of so-called Heisenberg double
procedure [11]. Consequently, it permits us to discuss of Heisenberg uncertainty principle
associated with such generalized quantum space-times. Finally, one can consider corre-
sponding classical and quantum relativistic and the nonrelativistic particle models. Such
a construction has been already presented in the case of classical nonrelativistic particle
moving in external constant force [26], [27], and the studies of deformations (5)-(7) in a
context of dynamical considerations are postponed for further investigations.
The paper is organized as follows. In second Section we recall necessary facts concern-
ing twist-deformed Poincare Hopf algebras [8], [15]. In Section 3 we present three new
Poincare Hopf structures; the corresponding generalized space-times and the proper non-
relativistic contractions to Galilei algebras are presented in Sections 4 and 5 respectively.
The results are summarized and discussed in the last Section.
2 Twisted Poincare Hopf algebras
Let us recall five canonically and Lie-algebraically twisted Poincare Hopf algebras U
·
(P)
proposed in [8] and [15] respectively. All of them are described by classical (undeformed)
algebraic sector (ηµν = (−,+,+,+))
[Mµν ,Mρσ] = i (ηµσ Mνρ − ηνσ Mµρ + ηνρMµσ − ηµρMνσ) ,
[Mµν , Pρ] = i (ηνρ Pµ − ηµρ Pν) , [Pµ, Pν ] = 0 , (8)
and twisted coalgebraic part
∆0(a)→ ∆·(a) = F· ◦ ∆0(a) ◦ F
−1
·
, S
·
(a) = u
·
S0(a) u
−1
·
, (9)
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with ∆0(a) = a ⊗ 1 + 1 ⊗ a, S0(a) = −a and u· =
∑
f(1)S0(f(2)) (we use Sweedler’s
notation F
·
=
∑
f(1) ⊗ f(2)).
Present in the above formula twist element F
·
∈ U
·
(P) ⊗ U
·
(P) satisfies the classical
cocycle condition [10], [11]
F
·12 · (∆0 ⊗ 1) F· = F·23 · (1⊗∆0) F· , (10)
and the normalization condition
(ǫ⊗ 1) F
·
= (1⊗ ǫ) F
·
= 1 , (11)
with F
·12 = F· ⊗ 1 and F·23 = 1⊗F·
2.
In the case of first, canonically deformed algebra Uθkl(P), the twist element looks as
follows (θkl = −θlk)
Fθkl = exp i (θklPk ∧ Pl) ; [ k, l − fixed ] , a ∧ b = a⊗ b− b⊗ a (12)
and, in accordance with (9), the corresponding coproduct sector takes the form
∆θkl(Pµ) = ∆0(Pµ) , (13)
∆θkl(Mµν) = ∆0(Mµν)− θkl[(ηkµPν − ηkν Pµ)⊗ Pl + Pk ⊗ (ηlµPν − ηlνPµ)]
+ θkl[(ηlµPν − ηlν Pµ)⊗ Pk + Pl ⊗ (ηkµPν − ηkνPµ)] . (14)
The antipodes and counits remain undeformed
S0(Pµ) = −Pµ , S0(Mµν) = −Mµν , ǫ(Mµν) = ǫ(Pµ) = 0 . (15)
For the second considered algebra Uθ0i(P) we have the following twist element
Fθ0i = exp i (θ0iP0 ∧ Pi) ; [ i− fixed ] , (θ0i = −θi0) , (16)
and the corresponding coproduct sector is given by
∆θ0i(Pµ) = ∆0(Pµ) , (17)
∆θ0i(Mµν) = ∆0(Mµν)− θ0i[(η0µPν − η0ν Pµ)⊗ Pi + P0 ⊗ (ηiµPν − ηiνPµ)]
+ θ0i[(ηiµPν − ηiν Pµ)⊗ P0 + Pi ⊗ (η0µPν − η0νPµ)] . (18)
The antipodes and counits become classical.
In the case of Lie-algebraically deformed Hopf algebra Uκ(P) the twist factor and
coproducts look as follows
Fκ = exp
i
2κ
(Pk ∧Mi0) [ i, k − fixed, i 6= k ] , (19)
2All carriers of considered twist factors are Abelian.
4
∆κ(Pµ) = ∆0(Pµ) + sinh(
1
2κ
Pk) ∧ (ηiµP0 − η0µPi)
+ (cosh(
1
2κ
Pk)− 1) ⊥ (ηiµPi − η0µP0) , (20)
∆κ(Mµν) = ∆0(Mµν) +
1
2κ
Mi0 ∧ (ηµkPν − ηνkPµ)
+ i [Mµν ,Mi0] ∧ sinh(
1
2κ
Pk)
− [[Mµν ,Mi0] ,Mi0] ⊥ (cosh(
1
2κ
Pk)− 1) (21)
+
1
2κ
Mi0 sinh(
1
2κ
Pk) ⊥ (ψkPi − χkP0)
−
1
2κ
(ψkP0 − χkPi) ∧Mi0(cosh(
1
2κ
Pk)− 1) ,
where
ψk = δνkδ0µ − δµkδ0ν , χk = δνkδiµ − δµkδiν , a ⊥ b = a⊗ b+ b⊗ a . (22)
The antipodes and coproducts remain undeformed.
In the case of two remaining Lie-algebraic Hopf structures the twist factors are given
by
Fκˆ = exp
i
2κˆ
(P0 ∧Mkl) [ k, l − fixed ] , (23)
Fκ¯ = exp
i
2κ¯
(Pi ∧Mkl) [ i, k, l − fixed, i 6= k, l ] , (24)
while the corresponding coproducts take the form
∆κˆ(Pµ) = ∆0(Pµ) + sin(
1
2κˆ
P0) ∧ (ηkµPl − ηlµPk)
+ (cos(
1
2κˆ
P0)− 1) ⊥ (ηkµPk + ηlµPl) , (25)
∆κˆ(Mµν) = ∆0(Mµν) +
1
2κˆ
Mkl ∧ (ηµ0Pν − ην0Pµ)
+ i [Mµν ,Mkl] ∧ sin(
1
2κˆ
P0)
+ [[Mµν ,Mkl] ,Mkl] ⊥ (cos(
1
2κˆ
P0)− 1)
+
1
2κˆ
Mkl sin(
1
2κˆ
P0) ⊥ (ψ0Pk − χ0Pl) (26)
+
1
2κˆ
(ψ0Pl + χ0Pk) ∧Mkl(cos(
1
2κˆ
P0)− 1) ,
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and
∆κ¯(Pµ) = ∆0(Pµ) + sin(
1
2κ¯
Pi) ∧ (ηkµPl − ηlµPk)
+ (cos(
1
2κ¯
Pi)− 1) ⊥ (ηkµPk + ηlµPl) , (27)
∆κ¯(Mµν) = ∆0(Mµν) +
1
2κ¯
Mkl ∧ (ηµiPν − ηνiPµ)
+ i [Mµν ,Mkl] ∧ sin(
1
2κ¯
Pi)
+ [[Mµν ,Mkl] ,Mkl] ⊥ (cos(
1
2κ¯
Pi)− 1)
+
1
2κ¯
Mkl sin(
1
2κ¯
Pi) ⊥ (ψiPk − χiPl) (28)
+
1
2κ¯
(ψiPl + χiPk) ∧Mkl(cos(
1
2κ¯
Pi)− 1) ,
respectively, with
ψλ = ηνληlµ − ηµληlν , χλ = ηνληkµ − ηµληkν . (29)
The antipodes and counit remain classical.
It should be noted, that all above algebras can be derived from relativistic classical
r-matrices r
·
∈ U
·
(P)⊗ U
·
(P), which are given by
rθkl = θklPk ∧ Pl [ k, l − fixed ] , (30)
rθ0i = θ0iP0 ∧ Pi [ i− fixed ] , (31)
rκ =
1
2κ
Pk ∧Mi0 [ i, k − fixed, i 6= k ] , (32)
rκˆ =
1
2κˆ
P0 ∧Mkl [ k, l − fixed ] , (33)
and
rκ¯ =
1
2κ¯
Pi ∧Mkl [ i, k, l − fixed, i 6= k, l ] . (34)
The matrices (30)-(34) satisfy the classical Yang-Baxter equation (CYBE)
[[ r
·
, r
·
]] = [ r
·12, r·13 + r·23 ] + [ r·13, r·23 ] = 0 , (35)
where the symbol [[ ·, · ]] denotes the Schouten bracket and r
·12 = r·∧1, r·13 = r·1∧1∧r·2,
r
·23 = 1 ∧ r·, r· = r·1 ∧ r·2.
Obviously, for parameters θkl, θ0i running to zero and parameters κ, κˆ, κ¯ approaching
infinity all above algebras become classical.
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3 Generalized twisted Poincare Hopf algebras
In this Section we introduced the generalized twisted algebras described by proper sums
of matrices (30)-(34).
i) relativistic (θkl, κ)-deformation
Let us start with the following classical r-matrix
rθkl,κ =
1
2κ
Pk ∧Mi0 + θklPk ∧ Pl , (36)
defined as the sum of r-matrices (30) and (32) with indices k, l different than i3. One can
check that it satisfies the CYBE equation (35).
We find the corresponding deformed coproduct sector in two steps. Firstly, we twist
classical Poincare algebra U0(P) with use of the factor (12) or (19). In such a way we get
the Hopf algebra Uθkl(P) or Uκ(P) described in pervious Section. Next, following [18]
and [19], we twist the coalgebraic sector of Uθkl(P) or Uκ(P) with the use of twist factor
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satisfying θkl- or κ-deformed cocycle condition (see formulas (13), (14) or (20), (21))
F¯κ/θkl12 · (∆θkl/κ ⊗ 1) F¯κ/θkl = F¯κ/θkl23 · (1⊗∆θkl/κ) F¯κ/θkl , (37)
and normalization condition
(ǫ⊗ 1) F¯κ/θkl = (1⊗ ǫ) F¯κ/θkl = 1 . (38)
One can check that the solutions F¯κ/θkl of the equations (37), (38) are the same as for
classical coproduct ∆0(a), i.e. they are given by the formulas (19) or (12) respectively
5.
In such a way we get the following coalgebraic sector
∆θkl,κ(Pµ) = ∆0(Pµ) + sinh(
1
2κ
Pk) ∧ (ηiµP0 − η0µPi) (39)
+ (cosh(
1
2κ
Pk)− 1) ⊥ (ηiµPi − η0µP0) ,
∆θkl,κ(Mµν) = ∆0(Mµν) +
1
2κ
Mi0 ∧ (ηµkPν − ηνkPµ)
+ i [Mµν ,Mi0] ∧ sinh(
1
2κ
Pk)
− [[Mµν ,Mi0] ,Mi0] ⊥ (cosh(
1
2κ
Pk)− 1)
+
1
2κ
Mi0 sinh(
1
2κ
Pk) ⊥ (ψkPi − χkP0) (40)
−
1
2κ
(ψkP0 − χkPi) ∧Mi0(cosh(
1
2κ
Pk)− 1)
3The carrier of matrix (36) is Abelian.
4The considered (second) factor corresponds to the matrix (32) or (30) respectively.
5Consequently, in accordance with the Abelian character of matrix (36), the total twist factor takes
the form Fθkl,κ = Fκ · Fθkl = Fθkl · Fκ = exp i(
1
2κ
Pk ∧Mi0 + θklPk ∧ Pl).
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− θkl[(ηkµPν − ηkν Pµ)⊗ Pl + Pk ⊗ (ηlµPν − ηlνPµ)]
+ θkl[(ηlµPν − ηlν Pµ)⊗ Pk + Pl ⊗ (ηkµPν − ηkνPµ)]
+ θkl [[Mµν ,Mi0] , Pk] ⊥ sinh(
1
2κ
Pk)Pl
− θkl [[Mµν ,Mi0] , Pl] ⊥ sinh(
1
2κ
Pk)Pk
+ iθkl [[[Mµν ,Mi0] ,Mi0] , Pk] ∧ (cosh(
1
2κ
Pk)− 1)Pl
− iθkl [[[Mµν ,Mi0] ,Mi0] , Pl] ∧ (cosh(
1
2κ
Pk)− 1)Pk ,
which together with algebraic relations (8) and antipodes/counits (15) defines the gen-
eralized Poincare Hopf algebra Uθkl,κ(P). It should be noted that for parameter θkl ap-
proaching zero we get Uκ(P) algebra, while for κ running to infinity we obtain Uθkl(P)
Poincare Hopf structure provided in pervious Section.
ii) relativistic (θ0i, κˆ)-deformation
Let us now turn to the second (generalized) classical r-matrix
rθ0i,κˆ =
1
2κˆ
P0 ∧Mkl + θ0iP0 ∧ Pi , (41)
where index i is different than k, l, 06. We see, that the above r-matrix is defined as a
sum of r-matrices for Uκˆ(P) and Uθ0i(P) algebras. Obviously, it satisfies CYBE equation
(35).
In order to find the corresponding Hopf algebra we use the same prescription as in
the case of constructed above Hopf structure Uθkl,κ(P). It should be noted however, that
this time, in the second step of used algorithm we twist the algebras Uκˆ(P) or Uθ0i(P)
respectively. One can check that as before, the corresponding twist factors are the same
as (16) or (23), and they solve the modified cocycle condition with respect to coproducts
(25), (26) or (17), (18)7. Consequently, we get
∆θ0i,κˆ(Pµ) = ∆0(Pµ) + sin(
1
2κˆ
P0) ∧ (ηkµPl − ηlµPk) (42)
+ (cos(
1
2κˆ
P0)− 1) ⊥ (ηkµPk + ηlµPl) ,
6The carrier of matrix (41) remains Abelian.
7Hence, the total twist factor can be written as Fθ0i,κˆ = exp i(
1
2κˆ
P0 ∧Mkl + θ0iP0 ∧ Pi).
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∆θ0i,κˆ(Mµν) = ∆0(Mµν) +
1
2κˆ
Mkl ∧ (ηµ0Pν − ην0Pµ)
+ i [Mµν ,Mkl] ∧ sin(
1
2κˆ
P0)
+ [[Mµν ,Mkl] ,Mkl] ⊥ (cos(
1
2κˆ
P0)− 1) (43)
+
1
2κˆ
Mkl sin(
1
2κˆ
P0) ⊥ (ψ0Pk − χ0Pl)
+
1
2κˆ
(ψ0Pl + χ0Pk) ∧Mkl(cos(
1
2κˆ
P0)− 1)
− θ0i[(η0µPν − η0ν Pµ)⊗ Pi + P0 ⊗ (ηiµPν − ηiνPµ)]
+ θ0i[(ηiµPν − ηiν Pµ)⊗ P0 + Pi ⊗ (η0µPν − η0νPµ)]
+ θ0i [[Mµν ,Mkl] , P0] ⊥ sin(
1
2κˆ
P0)Pi
− θ0i [[Mµν ,Mkl] , Pi] ⊥ sin(
1
2κˆ
P0)P0
− iθ0i [[[Mµν ,Mkl] ,Mkl] , P0] ∧ (cos(
1
2κˆ
P0)− 1)Pi
+ iθ0i [[[Mµν ,Mkl] ,Mkl] , Pi] ∧ (cos(
1
2κˆ
P0)− 1)P0 .
The above relations together with algebraic sector (8) and antipodes/counits (15) define
the generalized Poincare Hopf algebra Uθ0i,κˆ(P). Of course, for parameter θ0i running to
zero we obtain Hopf structure Uκˆ(P), while for parameter κˆ approaching infinity we get
Uθ0i(P) algebra described in Section 2.
iii) relativistic (θ0i, κ¯)-deformation
Let us now consider the last generalized r-matrix
rθ0i,κ¯ =
1
2κ¯
Pi ∧Mkl + θ0iP0 ∧ Pi , (44)
defined as a sum of r-matrices for Uκ¯(P) and Uθ0i(P) Hopf algebras with index i different
than k, l and 0. It satisfies the classical Yang-Baxter equation (35).
We get the corresponding Hopf algebra by twist procedure of the coproducts (17), (18)
or (27), (28), where the proper twist factors are exactly the same as (24) or (16), and
satisfy the following modified cocycle condition
F¯κ¯/θ0i12 · (∆θ0i/κ¯ ⊗ 1) F¯κ¯/θ0i = F¯κ¯/θ0i23 · (1⊗∆θ0i/κ¯) F¯κ¯/θ0i , (45)
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respectively8. Then, we have
∆θ0i,κ¯(Pµ) = ∆0(Pµ) + sin(
1
2κ¯
Pi) ∧ (ηkµPl − ηlµPk) (46)
+ (cos(
1
2κ¯
Pi)− 1) ⊥ (ηkµPk + ηlµPl) ,
∆θ0i,κ¯(Mµν) = ∆0(Mµν) +
1
2κ¯
Mkl ∧ (ηµiPν − ηνiPµ)
+ i [Mµν ,Mkl] ∧ sin(
1
2κ¯
Pi)
+ [[Mµν ,Mkl] ,Mkl] ⊥ (cos(
1
2κ¯
Pi)− 1) (47)
+
1
2κ¯
Mkl sin(
1
2κ¯
Pi) ⊥ (ψiPk − χiPl)
+
1
2κ¯
(ψiPl + χiPk) ∧Mkl(cos(
1
2κ¯
Pi)− 1)
− θ0i[(η0µPν − η0ν Pµ)⊗ Pi + P0 ⊗ (ηiµPν − ηiνPµ)]
+ θ0i[(ηiµPν − ηiν Pµ)⊗ P0 + Pi ⊗ (η0µPν − η0νPµ)]
+ θ0i [[Mµν ,Mkl] , P0] ⊥ sin(
1
2κ¯
Pi)Pi
− θ0i [[Mµν ,Mkl] , Pi] ⊥ sin(
1
2κ¯
Pi)P0
− iθ0i [[[Mµν ,Mkl] ,Mkl] , P0] ∧ (cos(
1
2κ¯
Pi)− 1)Pi
+ iθ0i [[[Mµν ,Mkl] ,Mkl] , Pi] ∧ (cos(
1
2κ¯
Pi)− 1)P0 .
The above relations together with classical algebraic sector (8) and undeformed an-
tipodes/counits (15) define generalized Poincare Hopf algebra Uθ0i,κ¯(P). Obviously, for
κ¯ → ∞ we get Uθ0i(P) Poincare Hopf algebra, while for θ0i → 0 we obtain Uκ¯(P) Hopf
structure described in second Section.
4 Generalized twisted relativistic space-times
In this Section we introduce the generalized relativistic space-times corresponding to
the Poincare Hopf algebras provided in pervious Section. They are defined as quantum
representation spaces (Hopf modules) for quantum Poincare algebras, with action of the
deformed symmetry generators satisfying suitably deformed Leibnitz rules [20], [21], [8].
The action of Poincare algebra on a Hopf module of functions depending on space-time
coordinates xµ is given by
8Fθ0i,κ¯ = exp i(
1
2κ¯
Pi ∧Mkl + θ0iP0 ∧ Pi).
10
Pµ ⊲ f(x) = i∂µf(x) , Mµν ⊲ f(x) = i (xµ∂ν − xν∂µ) f(x) , (48)
while the ⋆.-multiplication of arbitrary two functions is defined as follows
f(x) ⋆
·
g(x) := ω ◦
(
F−1
·
⊲ f(x)⊗ g(x)
)
. (49)
In the above formula F
·
denotes twist factor corresponding to a proper Poincare group
and ω ◦ (a⊗ b) = a · b.
i) the deformation (5)
Let us start with Uθkl,κ(P) Hopf algebra described by matrix (36). In such a case, in
accordance with considerations of pervious Section, the star multiplication of two arbitrary
functions f(x) and g(x) is given by
f(x) ⋆θkl,κ g(x) = ω ◦
(
F−1θkl,κ ⊲ (f(x)⊗ g(x))
)
, (50)
where the multiplication operator Fθkl,κ is defined by the superposition of two twist factors
(12) and (19)
Fθkl,κ = Fθkl · Fκ = Fκ · Fθkl = exp
i
2
(
2θkl(Pk ∧ Pl) +
1
κ
(Pk ∧Mi0)
)
.
Hence, due to the formulas (48), (49) we have9
[ x0, xa ]⋆θkl,κ =
i
κ
xiδak , [ xa, xb ]⋆θkl,κ = 2iθkl(δakδbl − δalδbk) +
i
κ
x0(δiaδkb − δkaδib) .
Of course, for parameter θkl approaching zero or parameter κ running to infinity, we get
the relativistic space-times associated with Hopf algebras Uκ(P) or Uθkl(P) respectively
(see [8], [15]).
ii) the deformation (6)
In the case of Uθ0i,κˆ(P) Hopf algebra the corresponding multiplication looks as follows
f(x) ⋆θ0i,κˆ g(x) = ω ◦
(
F−1θ0i,κˆ ⊲ (f(x)⊗ g(x))
)
, (51)
with operator Fθ0i,κˆ given by
Fθ0i,κˆ = Fθ0i · Fκˆ = Fκˆ · Fθ0i = exp
i
2
(
2θ0i(P0 ∧ Pi) +
1
κˆ
(P0 ∧Mkl)
)
.
Consequently, we get
[ x0, xa ]⋆θ0i,κˆ =
i
κˆ
(δlaxk − δkaxl) + 2iθ0iδia , [ xa, xb ]⋆θ0i,κˆ = 0 . (52)
The above relations define the relativistic space-time corresponding to the algebra Uθ0i,κˆ(P).
Obviously, for κˆ → ∞ or θ0i → 0 we obtain the space-time associated with Uθ0i(P) or
Uκˆ(P) Hopf algebra provided in [8] and [15] respectively.
9[ a, b ]⋆ = a ⋆ b− b ⋆ a.
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iii) the deformation (7)
For the last Hopf algebra Uθ0i,κ¯(P) we have
f(x) ⋆θ0i,κ¯ g(x) = ω ◦
(
F−1θ0i,κ¯ ⊲ (f(x)⊗ g(x))
)
, (53)
and
Fθ0i,κ¯ = exp
i
2
(
2θ0i(P0 ∧ Pi) +
1
κ¯
(Pi ∧Mkl)
)
, (54)
what gives the following relativistic space-time
[ x0, xa ]⋆θ0i,κ¯ = 2iθ0iδia , [ xa, xb ]⋆θ0i,κ¯ =
i
κ¯
δib(δkaxl − δlaxk) +
i
κ¯
δia(δlbxk − δkbxl) .
Of course, for parameter κ¯ approaching infinity or parameter θ0i running to zero, we
get the relativistic space-time corresponding to Uθ0i(P) or Uκ¯(P) Poincare Hopf algebras
respectively.
5 Generalized twisted Galilei Hopf algebras
In this Section we calculate the nonrelativistic contractions of Hopf structures derived in
Section 3, i.e. we find their nonrelativistic counterparts - the generalized twist deforma-
tions of Galilei Hopf algebra.
First of all, let us introduce the following redefinition of Poincare generators [22]
P0 =
Π0
c
, Pi = Πi , Mij = Kij , Mi0 = cVi , (55)
where parameter c denotes the light velocity. Besides, we also introduce five parameters
λ, λˆ, λ, ξkl (ξlk) and ξ0i (ξi0) such that
λ = κ/c , λˆ = κˆc , λ = κ , ξkl = θkl (ξlk = θlk) , ξ0i = θ0i/c (ξi0 = θi0/c) . (56)
Further, one performs the contraction limit of algebraic part (8) and coproducts ((39),(40)),
((42),(43)) and ((46),(47)) in two steps. Firstly, we rewrite the formulas (8) and ((39),(40)),
((42),(43)), ((46),(47)) in term of the operators (55) and parameters (56). Secondly, we
take the c→∞ limit, and in such a way, we get the following algebraic10
[Kab, Kcd ] = i (δad Kbc − δbd Kac + δbcKad − δacKbd) ,
[Kab, Vc ] = i (δbc Va − δac Vb) , [Kab,Πc ] = i (δbcΠa − δacΠb) , (57)
[Kab,Π0 ] = [Va, Vb ] = [Va,Πb ] = 0 , [Va,Π0 ] = −iΠa , [ Πρ,Πσ ] = 0 ,
and coalgebraic sectors
10a, b, c, d = 1, 2, 3.
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i) nonrelativistic (ξkl, λ)-deformation
∆ξkl,λ(Π0) = ∆0(Π0) +
1
2λ
Πk ∧ Πi , (58)
∆ξkl,λ(Πa) = ∆0(Πa) , ∆ξkl,λ(Va) = ∆0(Va) , (59)
∆ξkl,λ(Kab) = ∆0(Kab) +
i
2λ
[Kab, Vi] ∧ Πk +
1
2λ
Vi ∧ (δakΠb − δbkΠa)
− ξkl[(δkaΠb − δkbΠa)⊗Πl +Πk ⊗ (δlaΠb − δlbΠa)] (60)
+ ξkl[(δlaΠb − δlbΠa)⊗ Πk +Πl ⊗ (δkaΠb − δkbΠa)] ,
ii) nonrelativistic (ξ0i, λˆ)-deformation
∆ξ0i,λˆ(Πµ) = ∆0(Πµ) + sin(
1
2λˆ
Π0) ∧ (δkµΠl − δlµΠk)
+ (cos(
1
2λˆ
Π0)− 1) ⊥ (δkµΠk + δlµΠl) , (61)
∆ξ0i,λˆ(Kab) = ∆0(Kab) + i [Kab, Kkl] ∧ sin(
1
2λˆ
Π0)
+ [[Kab, Kkl] , Kkl] ⊥ (cos(
1
2λˆ
Π0)− 1) (62)
− ξ0iΠ0 ∧ (δiaΠb − δibΠa)
− ξ0i [[Kab, Kkl] ,Πi] ⊥ Π0 sin(
1
2λˆ
Π0)
+ iξ0i [[[Kab, Kkl] , Kkl] ,Πi] ∧Π0(cos(
1
2λˆ
Π0)− 1) ,
∆ξ0i,λˆ(Va) = ∆0(Va) +
1
2λˆ
Kkl ∧ Πa + i [Va, Kkl] ∧ sin(
1
2λˆ
Π0)
+ [[Va, Kkl] , Kkl] ⊥ (cos(
1
2λˆ
Π0)− 1)
+ Kkl sin(
1
2λˆ
Π0) ⊥
1
2λˆ
(δkaΠl − δlaΠk)
−
1
2λˆ
(δkaΠk + δlaΠl) ∧Kkl(cos(
1
2λˆ
Π0)− 1) (63)
− ξ0iΠa ∧Πi − iξ0i [[[Va, Kkl] , Kkl] ,Π0] ∧ (cos(
1
2λˆ
Π0)− 1)Πi
+ ξ0i [[Va, Kkl] ,Π0] ⊥ sin(
1
2λˆ
Π0)Πi ,
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iii) nonrelativistic (ξ0i, λ¯)-deformation
∆ξ0i,λ¯(Πµ) = ∆0(Πµ) + sin(
1
2λ¯
Πi) ∧ (δkµΠl − δlµΠk)
+ (cos(
1
2λ¯
Πi)− 1) ⊥ (δkµΠk + δlµΠl) , (64)
∆ξ0i,λ¯(Kab) = ∆0(Kab) +Kkl ∧
1
2λ¯
(δaiΠb − δbiΠa)
+ i [Kab, Kkl] ∧ sin(
1
2λ¯
Πi)
+ [[Kab, Kkl] , Kkl] ⊥ (cos(
1
2λ¯
Πi)− 1)
+ Kkl sin(
1
2λ¯
Πi) ⊥
1
2λ¯
(ψiΠk − χiΠl) (65)
+
1
2λ¯
(ψiΠl + χiΠk) ∧Kkl(cos(
1
2λ¯
Πi)− 1)
− ξ0iΠ0 ∧ (δiaΠb − δibΠa)
− ξ0i [[Kab, Kkl] ,Πi] ⊥ Π0 sin(
1
2λ¯
Πi)
+ iξ0i [[[Kab, Kkl] , Kkl] ,Πi] ∧ Π0(cos(
1
2λ¯
Πi)− 1) ,
∆ξ0i,λ¯(Va) = ∆0(Va) + i [Va, Kkl] ∧ sin(
1
2λ¯
Πi) (66)
+ [[Va, Kkl] , Kkl] ⊥ (cos(
1
2λ¯
Πi)− 1)
− ξ0iΠa ∧ Πi − iξ0i [[[Va, Kkl] , Kkl] ,Π0] ∧ (cos(
1
2λ¯
Πi)− 1)Πi
+ ξ0i [[Va, Kkl] ,Π0] ⊥ sin(
1
2λ¯
Πi)Πi .
The relations (57) together with coproducts i), ii) and iii) define the generalized twisted
Galilei Hopf algebras Uξkl,λ(G), Uξ0i,λˆ(G) and Uξ0i,λ¯(G) corresponding to the Poincare
Hopf algebras Uθkl,κ(P), Uθ0i,κˆ(P) and Uθ0i,κ¯(P) respectively. It should be noted that for
parameters ξkl, ξ0i running to zero and (or) parameters λ, λˆ, λ¯ approaching infinity, the
above algebras become classical (or one gets twisted Galilei Hopf structures proposed in
[12]).
6 Final remarks
In this article we provide three new generalized Poincare Hopf algebras and corresponding
relativistic space-times. All three space-times combine two kinds of quantum deformations
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- canonical and Lie-algebraic deformation leading to the models with quantum time and
classical space as well as with quantum time and quantum space. Further, we also perform
three nonrelativistic contraction limits to the corresponding Galilei Hopf structures.
The present studies can be extended in various ways. First of all, one can ask about
N = 1 supersymmetric extensions of the constructed deformed Hopf algebras. Besides,
one can also consider still more complicated (twisted) generalizations of the relativis-
tic and nonrelativistic quantum space-times. For example, it is possible to consider the
Poincare or Galilei Hopf structure leading to the superposition of canonically and quadrat-
ically deformed quantum space. Finally, it should be noted, that dual quantum Poincare
(Galilei) groups Pθkl,κ (Gξkl,λ), Pθ0i,κˆ (Gξ0i,λˆ) and Pθ0i,κ¯ (Gξ0i,λ¯) can be obtained by canon-
ical quantization of the corresponding Poisson-Lie structure [28] or with use of so-called
FRT procedure [29]. Consequently, as it was mentioned in Introduction, one can find
in the framework of Heisenberg double procedure [11] the corresponding relativistic and
nonrelativistic phase spaces associated with the above algebras. All these problems are
now being studied.
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